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Unavoidable disturbance caused by a quantum measurement implies that the realizable subsequent
measurements are getting limited after one performs some measurement. The obvious general limita-
tion that one cannot circumvent by sequential or any other method is that the actually implemented
measurements must be jointly measurable. In this work we show that any jointly measurable pair
of observables can be obtained in a sequential measurement scheme, even if the second observable
would be decided after the first measurement. This universality feature holds only for measurement
schemes with a specific structure. As a supplementing result, we provide a characterization of all
possible joint measurements obtained from a sequential measurement lacking universality.
PACS numbers: 03.65.Ta
Sequential quantum measurements have received re-
newed attention recently, and their range of application
has become broader. This concept has been investigated,
for example, in the context of state discrimination [1], to-
mography [2], cryptography [3, 4] and undecidability [5].
However, the fundamental limitations of the sequential
method of performing quantum measurements have not
been addressed systematically.
In the present work we show that any jointly measur-
able pair of observables can be obtained via a sequential
measurement scheme, even if the second observable is
decided after the first measurement. Thus, it is possible
to perform a measurement of any quantum observable
in a way which does not limit the future measurements
any more than is dictated by joint measurability. This
striking feature of the first measurement, which we call
universality, holds only for certain measurement schemes.
A sequential measurement scheme lacking universality al-
lows the implementation some joint measurements, but
not all that are possible. As a supplementary result,
we derive a characterization of all possible joint mea-
surements obtained from any nonuniversal measurement
scheme.
Sequential and joint measurements. The mathe-
matical framework for sequential quantum measurements
was provided a long time ago [6]. For our purposes it suf-
fices to use a rudimentary formulation. We will describe
a quantum measurement as a pair (A,Λ) consisting of an
observable A and a channel Λ, where A assigns a probabil-
ity distribution of measurement outcomes to each input
state and Λ maps each input state % into an output state
Λ(%); see Fig. 1. One can obviously give more detailed
descriptions of a quantum measurement, but this kind
of simple description is enough for our present purposes
[18].
Mathematically, an observable (POVM) is presented as
a function A : x 7→ A(x) from a finite set of measurement
outcomes ΩA ⊂ Z to the set of positive of operators on an
input Hilbert space Hin, and this function must satisfy
the normalization constrain
∑
x∈ΩA A(x) = 1, where 1
is the identity operator on Hin [19]. The probability of
obtaining an outcome x for an input state % is tr [%A(x)].
A channel Λ is presented as a completely positive and
trace preserving linear map on Hilbert space operators.
It transforms an input state % on Hin into an output
state Λ(%) on Hout. We allow Hout to be different than
Hin; physically this amounts to either including an en-
vironment in the description of the output system, or to
discarding some part of the input system.
An important point is that not every pair of an observ-
able and channel gives a valid description of a quantum
measurement. Specifically, a channel Λ and an observ-
able A can describe the same quantum measurement if
and only if there exist completely positive maps Φx such
that ∑
x
Φx = Λ and tr [Φx(%)] = tr [%A(x)] (1)
for all outcomes x and input states % [7]; in this case we
say that Λ is A-channel. Perhaps the most commonly
used A-channel is the Lu¨ders channel LA of A, which is
defined as LA(%) =
∑
x
√
A(x)%
√
A(x).
By a sequential measurement we mean a setting where
two or more measurements are performed on the same
system, one after the other. We will concentrate on the
case of two measurements. The first measurement must
be described as an observable-channel pair (A,Λ), while
for the second measurement it is enough to specify just
the observable B since we do not examine the output
state after the second measurement. If the initial state
of the system is %, then the obtained measurement out-
come distributions are tr [%A(x)] and tr [Λ(%)B(y)]. We
are typically interested in the properties of the input state
% rather than the output state Λ(%), hence it is convenient
to use the Heisenberg picture and write the second mea-
surement outcome distribution as tr [%Λ∗(B(y))], where
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2FIG. 1: (Color online) A quantum measurement leads to a
classical output (measurement outcome) and quantum output
(transformed quantum state). The respective mappings A and
Λ are called observable and channel.
Λ∗ is the adjoint action of Λ on the set of observables
[20]. In essence, a sequential measurement of A and B
gives measurement outcomes of A and Λ∗(B) on the in-
put state %.
A concept related to sequential measurements is that
of a joint measurement. Two observables A and B are
jointly measurable if there exists an observable M hav-
ing the product set ΩA × ΩB as the set of measurement
outcomes and satisfying
A(x) =
∑
y
M(x, y) , B(y) =
∑
x
M(x, y) (2)
for all x ∈ ΩA and y ∈ ΩB. Any observable M satisfying
(2) is called a joint observable of A and B. This defini-
tion easily extends to any finite number of observables;
A,B,C, . . . , are jointly measurable if there is a single
observable M whose marginals coincide with A,B,C, . . ..
Note that the specification of measurement dynamics is
not needed in the definition of joint measurability, unlike
in that of sequential measurement.
A sequential measurement of two quantum observables
can be seen as a special type of joint measurement. For-
mally, if we have maps Φx satisfying (1), then we can
define M(x, y) = Φ∗x(B(y)). This is a joint observable of
A and the perturbed version Λ∗(B) of B. At first sight,
joint measurement is a broader concept than sequential
measurement; a joint measurement is any type of mea-
surement from which one can extract the desired prob-
ability distributions of measurement outcomes, whereas
in a sequential measurement one has to measure two ob-
servables, one after the other. Hence, an immediate ques-
tion arises: does the sequential method of measuring two
quantum observables suffer from limitations specific to
it, or can one perform all possible joint measurements in
this way? In the following we will show that there are no
additional limitations, and there is even a surprising ad-
vantage in certain kinds sequential measurements, which
we will call universality.
Sharp observables. As a warm up, let us assume
that A is a sharp observable, i.e., A is a POVM and each
operator A(x) is a projection. If we perform a stan-
dard von Neumann measurement of A, then the state
transformation is described by the Lu¨ders channel of A.
Supposing that the subsequently measured observable is
B, then the actually implemented perturbed version is
(a)
(b)
FIG. 2: (Color online) (a) A joint measurement of observ-
ables A and B gives measurement outcomes for both A and B.
(b) Sequential measurement of A and a modified observable
B′ is equivalent to the joint measurement if the modification
properly compensates for the disturbance that the first mea-
surement causes.
given by y 7→ ∑x A(x)B(y)A(x). We see that if A and
B commute (i.e. A(x)B(y) = B(y)A(x) for all x, y), then∑
x A(x)B(y)A(x) = B(y) and this sequential measure-
ment is a joint measurement of A and B. On the other
hand, it is well known that a sharp observable is jointly
measurable with another observable if and only if they
commute; see e.g. [8]. We conclude that a joint measure-
ment of a sharp observable A and some other observable
B can always be implemented as a sequential measure-
ment of A and B.
The previously described case is a particular instance
of the class of measurement schemes where the first mea-
surement does not disturb the second one at all; the
nondisturbance condition requires that
tr [Λ(%)B(y)] = tr [%B(y)] (3)
for all input states % and outcomes y. Obviously, if the
nondisturbance condition holds, then a sequential mea-
surement described by (A,Λ) and B implements a joint
measurement of A and B even if A is not sharp. The con-
dition (3) holds, for instance, if A and B commute and
we choose Λ to be the Lu¨ders channel of A. However, for
observables that are not sharp, the condition (3) may be
fulfilled for some A-channel even if A and B do not com-
mute, and joint measurability may hold even if there is no
nondisturbing measurement at all [9]. A special feature
of sharp observables is the equivalence of commutativity,
nondisturbance and joint measurability.
Channels having the universal property. In the
general case, the first measurement disturbs the second
one, but a joint measurement may still be possible. In
practice, this means that to obtain a joint measurement
of some observables A and B, we may need to measure
first A and then B′, which is a modified version of B. The
modification is aimed to compensate the disturbance that
3the first measurement causes; see Fig. 2. We are thus
looking for an A-channel Λ and an observable B′ such
that
tr [Λ(%)B′(y)] = tr [%B(y)] (4)
for all input states % and outcomes y, or equivalently in
the Heisenberg picture,
Λ∗(B′(y)) = B(y) (5)
for all outcomes y.
These equations can be interpreted in two ways. First,
we may measure some observable B′ after A, typically as
sharp, informative or good as possible, and then (5) de-
termines the actually implemented observable B. Second,
we may want to obtain exactly B as the second observ-
able, in which case we can try to tailor Λ and B′ in such
a way that B is acquired.
As a preliminary step towards our main result, we
recall a simple construction which shows that the re-
quired objects Λ and B′ exist whenever A and B are
jointly measurable [9]. Namely, suppose that A and B
are jointly measurable, hence there exists M such that
A(x) =
∑
yM(x, y) and B(y) =
∑
xM(x, y). We define
a channel ΛB with an output Hilbert space Hout = C|ΩB|
as
ΛB(%) =
∑
y
tr[%B(y)]|y〉〈y|, (6)
where {|y〉}y∈ΩB is an orthonormal basis of Hout. Since
ΛB(%) =
∑
x
(∑
y
tr [%M(x, y)] |y〉〈y|
)
(7)
and
tr
[∑
y
tr [%M(x, y)] |y〉〈y|
]
= tr[%A(x)] (8)
we conclude that ΛB is an A-channel. Moreover,
tr
[
ΛB(%)|y〉〈y|] = tr[%B(y)] (9)
so that (4) holds for the choices B′(y) = |y〉〈y| and Λ =
ΛB. In conclusion, this sequential measurement scheme
implements a joint measurement of A and B.
The previously defined sequential measurement is not
very useful since the applied A-channel ΛB is designed
specifically for B. This weakness becomes clear when we
consider a collection of observables that are pairwisely
jointly measurable without being jointly measurable as a
whole [8, 10] – suppose A, B and C are such. Hence, A is
pairwisely jointly measurable with both B and C, but the
triplet (A,B,C) is not jointly measurable. (An example
of this sort of triplet is formed when the usual x, y, z-spin-
component observables of a spin- 12 particle are mixed
with uniform noise with a mixing parameter t chosen
from the interval 1/
√
3 < t ≤ 1/√2.) Suppose further
that our task is to measure either the pair (A,B) or (A,C),
but we will be told the desired pair only after we have per-
formed the measurement of A. Since the triplet (A,B,C)
is not jointly measurable, it is not clear how to succeed
in this task. In particular, the sequential measurement
scheme related to ΛB does not work since in that case
the first measurement has to be chosen according to the
second one, and one can see that for any observable C′ on
Hout, we get (ΛB)∗(C′(z)) =
∑
y〈y|C′(z)|y〉B(y), which is
just a smearing of B.
To be able to overcome this drawback, we need an A-
channel Λ that satisfies the criterion (4) for both B and
C with some modified versions B′ and C′ on the left hand
side, respectively. In the best case we would have an A-
channel Λ that satisfies the sequential measurement cri-
terion (4) for all observables that are jointly measurable
with A. This motivates the following definition.
Definition 1. An A-channel Λ has the universal property
(relative to A) if for each observable B jointly measurable
with A, there exists an observable B′ such that
tr [Λ(%)B′(y)] = tr [%B(y)] (10)
for all input states % and outcomes y ∈ ΩB.
The universal property means that the measurement of
an observable A limits the future measurements no more
than is necessary, thus putting no additional limitations
(i.e. other than joint measurability) on the measurements
that can be implemented later. Our main result states
that these kinds of measurements exist.
Theorem 1. For every observable A, there exists an A-
channel ΛA having the universal property.
Before giving the proof, we recall that each observable
A has a Naimark dilation [11], i.e., a triplet (K, Aˆ, V )
where K is a Hilbert space, V : Hin → K is an isometry
and Aˆ is a sharp observable on K satisfying V ∗Aˆ(x)V =
A(x) for each x ∈ ΩA. Moreover, there exists a minimal
Naimark dilation, meaning that the set {∑x cxAˆ(x)V ψ :
cx ∈ C, ψ ∈ H} is dense in K. This is essentially unique
in the sense that if (K1, Aˆ1, V1) is a minimal Naimark
dilation and (K2, Aˆ2, V2) is any other Naimark dilation of
A, then there exists an isometry J : K1 → K2 satisfying
JAˆ1(x) = Aˆ2(x)J and JV1 = V2. In particular, J is a
unitary operator if both Naimark dilations are minimal.
Proof. Fix a minimal Naimark dilation (K, Aˆ, V ) of A.
We define a channel ΛA with input and output Hilbert
spaces Hin and K, respectively, by
ΛA(%) =
∑
x
Aˆ(x)V %V ∗Aˆ(x) . (11)
4This is an A-channel since
tr
[
Aˆ(x)V %V ∗Aˆ(x)
]
= tr
[
%V ∗Aˆ(x)V
]
= tr [%A(x)] .
We claim that ΛA has the universal property.
First, we recall the preliminary result demonstrated
earlier: each B that is jointly measurable with A can be
written as B(y) = (ΛB)
∗
(|y〉〈y|), where {|y〉}y∈ΩB is an
orthonormal basis and ΛB is the channel defined in (6).
We will show that there exists a channel ΓB such that
ΛB = ΓB ◦ ΛA , (12)
where ◦ denotes the composition of two functions. Then,
using the Heisenberg form (ΓB)
∗
of ΓB, we define an ob-
servable B′ as
B′(y) = (ΓB)
∗
(|y〉〈y|) . (13)
This observable satisfies the required equation (10) since
tr [ΛA(%)B
′(y)]
(13)
= tr
[
ΓB(ΛA(%))|y〉〈y|
]
(14)
(12)
= tr
[
ΛB(%)|y〉〈y|] (9)= tr [%B(y)] . (15)
Hence, to complete the proof we need to show that
for each B that is jointly measurable with A, there ex-
ists a channel ΓB such that (12) holds. Let M be a
joint observable of A and B, and let (K′, Mˆ, V ′) be a
Naimark dilation of M. We define a sharp observable
Aˆ′ as Aˆ′(x) =
∑
y Mˆ(x, y). Since A(x) =
∑
yM(x, y), we
observe that (K′, Aˆ′, V ′) is a Naimark dilation of A. The
initially fixed Naimark dilation (K, Aˆ, V ) was chosen to
be minimal, so there exists an isometry J : K → K′ sat-
isfying Aˆ′(x)J = JAˆ(x) and V ′ = JV . Taking also into
account that Mˆ(x, y)Mˆ(x′, y) = δxx′Mˆ(x, y), we obtain
the auxiliary formula
Mˆ(x, y)JAˆ(x′) = δxx′Mˆ(x, y)J . (16)
Using (16) we can write ΛB in the form
ΛB(%) =
∑
x,y
tr
[
Aˆ(x)V %V ∗Aˆ(x)J∗Mˆ(x, y)J
]
|y〉〈y| .
We define a channel ΓB as
ΓB(%) =
∑
x,y
tr
[
%J∗Mˆ(x, y)J
]
|y〉〈y| .
Using (16) again one can confirm that the required equa-
tion ΛB = ΓB ◦ ΛA holds.
We note that the channel ΛA was introduced as the
least disturbing A-channel in [12]. In the context of se-
quential measurements, the channel ΛA is the appropri-
ate generalization of the Lu¨ders channel of sharp observ-
ables; ΛA has the universal property and it reduces to
the Lu¨ders channel whenever A is a sharp observable.
The price we have to pay is the larger output space Hout
compared to the input space Hin.
Channels without the universal property. We
now turn to a different variation of the problem. Suppose
two jointly measurable observables A and B are given. We
may have limited resources, so perhaps we cannot realize
any A-channel having the universal property. Hence, sup-
pose we first perform a measurement described by a pair
(A,Λ), where Λ is an A-channel not having the universal
property. We want to know if we can still implement a
measurement of B, i.e., whether there exists an observ-
able B′ such that
tr [Λ(%)B′(y)] = tr [%B(y)] (17)
for all input states % and outcomes y ∈ ΩB.
To give a general answer to this question, we recall that
by the Stinespring dilation theorem [11] any channel Λ
can be written in the form
Λ(%) = trK[V %V ∗] , (18)
where K is a Hilbert space attached to an environment
system, V : Hin → Hout ⊗K is an isometry and trK[·] is
the partial trace over K. Tracing over Hout rather than
K we obtain the corresponding conjugate channel (also
called complementary channel):
Λ¯(%) = trHout [V %V
∗] . (19)
Hence, the conjugate channel Λ¯ describes what happens
to the environment system during the measurement pro-
cess described by Λ.
Theorem 2. For a channel Λ and observable B, there
exists an observable B′ satisfying (17) if and only if the
conjugate channel Λ¯ of Λ is a B-channel.
Proof. The Stinespring dilation (18), written in the
Heisenberg picture, reads
Λ∗(T ) = V ∗(T ⊗ 1)V , (20)
and the corresponding conjugate channel is then
Λ¯∗(S) = V ∗(1⊗ S)V . (21)
As explained in [13], it follows from the Radon-Nikodym
theorem for quantum operations [14, 15] that Λ¯∗ is a B-
channel if and only if there exists an observable B′ such
that V ∗(B′(y)⊗1)V = B(y). Inserting this into (20) gives
Λ∗((B′(y)) = B(y), which is (17) but in the Heisenberg
picture.
The formulation of Theorem 2 is slightly loose since
the existence of B′ may seem to depend on the choice of
the conjugate channel. However, all conjugate channels
of a given channel Λ are equivalent, and for this reason
the formulation of Theorem 2 is solid. More specifically,
a channel Λ has many Stinespring dilations, each of them
giving rise to a conjugate channel. These conjugate chan-
nels can be different, but they are equivalent in the sense
5that each of them can be obtained from any other by con-
catenating with some other channel. This implies that if
one conjugate channel of Λ is a B-channel, then all con-
jugate channels of Λ are B-channels. Therefore, it does
not matter which conjugate channel we use in Theorem
2.
Qubit example. Let us fix Hin = C2 and consider
two families of binary qubit observables As and Bt,θ,
where
As(±1) = 12
(
1± sσz
)
Bt,θ(±1) = 12
(
1± t(sin θσx + cos θσz)
)
,
and the parameters belong to the intervals s, t ∈ (0, 1]
and θ ∈ [0, pi/2] respectively. As proved in [16], As and
Bt,θ are jointly measurable if and only if
s2 + t2 − cos2 θs2t2 ≤ 1 . (22)
First, we want to see how the pairs satisfying this in-
equality can be implemented sequentially.
There exists an As-channel satisfying the nondistur-
bance condition (3) for Bt,θ if and only if As and Bt,θ com-
mute [9, Prop. 6], which is the case when θ ∈ {0, pi/2}.
Therefore, most of the realizable joint measurements
must be performed by first measuring As, followed by
some modified version B′t,θ of Bt,θ. The modified observ-
able B′t,θ and a suitable As-channel are not difficult to
find in this simple case; we can choose Λ to be the Lu¨ders
channel of As and B
′
t,θ = B1,θ. With these choices (17) is
satisfied, hence the Lu¨ders channel can be used to mea-
sure all binary observables jointly measurable with A.
Let us then consider another pair of observables in or-
der to demonstrate that the Lu¨ders channel of As does
not have the universal property. Fix 0 < s < 1 and let C
be the following four outcome observable:
C(1,±1) = 1± s
4
(1± σz) ,C(−1, 1) = 1− s
4
(1 + σx)
C(−1,−1) = 1− s
4
(1− σx) + s
2
(1− σz)
We have C(1, 1) + C(1,−1) = As(1) and C(−1, 1) +
C(−1,−1) = As(−1), hence C and As are jointly mea-
surable. One can utilize Theorem 2 to see that there is
no C′ such that
L∗A(C′(j, k)) = C(j, k) for all j, k = ±1. (23)
We can also confirm this fact directly; let us make a
counter assumption that there exists an observable C′
satisfying (23).
Since the operator C(−1, 1) is rank-1 and the oper-
ators As(±1) are invertible, it follows that C′(−1, 1) is
rank-1 as well. As Λ is trace preserving, we conclude
that Λ(P ) = 12 (1+σx) must hold for some 1-dimensional
projection P . A direct calculation shows that Λ(P ) is a
projection if and only if P = 12 (1 ± σz), in which case
we have Λ(P ) = P . Therefore, Λ(P ) = 12 (1 + σx) cannot
be satisfied by any projection P . As a conclusion, the
Lu¨ders channel of As does not have the universal prop-
erty.
One can compare the Lu¨ders channel of As with the
universal channel ΛAs defined in (11). The first has
Hout = C2, while the latter has Hout = C4. The larger
output space makes the subsequent measurement able to
take advantage also of the ‘information leaked to the en-
vironment’, thereby leading to the universality property.
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